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Abstract
In this paper we obtain an improved asymptotic formula on the frequency of k-free numbers with a given
difference. We also give a new upper bound of Barban–Davenport–Halberstam type for the k-free numbers
in arithmetic progressions.
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1. Introduction
In this paper, we give some new results on the average behaviour of the remainder terms of the
k-free numbers in arithmetic progressions. Such result is analogous to the Barban–Davenport–
Halberstam theorem for the primes in arithmetic progressions.





where μ(n) is the Möbius function.
For fixed positive integer r and positive real number ε > 0, in [10] Mirsky obtained
∑
nx
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We improve this result as follows:
Theorem 1. For fixed positive integer r  1, k  2, we have
∑
nx


































































where the product is over prime numbers. This formula can be obtained as Hooley had done
in [8,9].
When a and q are positive integers, define E(x;q, a) by the relation










x1+εQ, for 1Q x,
xQ, for 1Q x1/3,
xQ, for x1/3 log10/3 x Q x.




) x 2(2α+1)3 +ε, for 1
2
 α  1.
In [16], Warlimont improved the above results for x3/4 Q x, namely
S(x,Q)  x1/2Q3/2 + x5/3+ε.
Later, Croft [4] improved these results for x5/8 Q x2/3, that is
S(x,Q)  x1/2Q3/2 + x3/2 log7/2 x.
When k > 2, Brüdern and others [2,3] obtained
S(x,Q)  x 2k +εQ2− 2k , for 1Q x. (1.5)
In this paper, we obtain the following:
Theorem 2. Suppose that Q and x are positive real numbers greater than 1, and that k is an
integer with k > 2. Then
S(x,Q)  x 1k Q2− 1k + x k+4k+2 (logx) 2k+6k+2 , for 1 <Q x, (1.6)
where the —constant will depend at most on k.
This theorem improves (1.5), for x k
2+2k−4
2(k−1)(k+2) < Q< x.
Theorem 2 also improves Theorem 1.2 of Vaughan [13] in the case an = μk(n).
It should be noticed that we cannot use (1.6) to the case k = 2 directly.
When k > 2, we cannot obtain asymptotic formula of Montgomery–Hooley type as in the
prime numbers in arithmetic progressions [5,7,14].

























F (x;q, a)2. (1.8)
We shall prove Theorem 1 in Section 2, and Theorem 2 in Section 5.
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notation , and in Landau’s O-notation, will depend at most on k unless it is pointed out depend
upon the corresponding parameters. n ≡ a (mod q) may be written as n ≡ a(q). The greatest
common divisor and the least common multiple of integers a, b are denoted by (a, b) and [a, b],
respectively; μ(n) denotes the Möbius function and τ(n) denotes the divisor function; ω(n)
denotes the number of distinct prime factors of n; [e] denotes the integer part of e; ψ(v) =
[v] − v + 12 . The letter p denotes a prime number, and write pt ‖ n when pt | n but pt+1 † n. Let
x denote a sufficiently large real number and Q be a positive real number with Q x.
2. Lemmas for J1 and the proof of Theorem 1































Now, J11 =∑qQ∑nx μk(n). Using (2) in [12], we have
∑
nx



























μk(n)μk(n − lq), (2.4)
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where c and d are positive integers.
Lemma 2.1. For positive integers u and v, we have




(u, v)+ O(1), if (u, v) | r,
0, otherwise.
Proof. If (u, v) † r , the lemma is obvious. We suppose that (u, v) | r . Let c0, d0 be any fixed
solution of the equation uc − vd = r , then all the solutions of this equation may be represented
as c = c0 + v(u,v) t, d = d0 + u(u,v) t , where t is any integer, and uc0 − vd0 = r . We need to count
the number of t that satisfy the following conditions:
uc0 + uv
(u, v)
t  x, c0 + v
(u, v)













 t  x − uc0
uv
(u, v),
the number of such t is x−r
uv
(u, v)+ O(1), and the lemma follows. 
Lemma 2.2. For positive integer r and positive real number y, we have























































μ(a)μ(b).a cx,aby a cx,ab>y


















































 y− k2 2ω(Kk(r)) logy.































































































)1−k  y1−k ∑
tk |r
t2y











μ2(t)t−k  y− k2
∑
tk |r
μ2(t)  y− k2 2ω(Kk(r)). (2.6)
Similarly, we have




μ2(t)tk−2  y− k2 logy
∑
tk |r
μ2(t)  y− k2 logy2ω(Kk(r)). (2.7)
By (2.5)–(2.7), we obtain the first part of the lemma.





























 y− k2 2ω(Kk(r)),
and the lemma follows. 




μ2(a)μ2(b)  y logy.












a−1  y logy,








Lemma 2.5. For r  x and y  2, we have




μ(a)μ(b)+O((x − r)y− k2 2ω(Kk(r)) logy + y logy).
If k  3, then




μ(a)μ(b)+O((x − r)y− k2 2ω(Kk(r)) + y logy).
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Wr(x) = (x − r)f (r) +O
(
























































































and the lemma follows. 

















































Lemma 2.7. For fixed positive integer r and positive real number z, we have
μk(n)μk(n+ r) = D1(n)+D2(n)+D3(n)+ D4(n).
Proof. By (1.1),
















































μ(u) = D3(n)+ D4(n),

















































= f (r) +O(z1−k log log 3r).
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E1 = f (r)x +O
(
xz1−k log log 3r + z2).








1  (x + r)z1−k.

















1  (x + r)
∑
u,v>z

















































μk(n)μk(n + r) = f (r)x +O
(
(x + r)z1−k log log 3r + z2), (2.10)
so that by choosing z = ((x + r) log log 3r) 1k+1 in (2.10), this completes the proof of Theorem 1.
3. The formula for Tq
From now on we make the assumption: 2 y  x 2k , k > 2.
By Lemma 2.5 and (2.4), we have












μ(a)μ(b)+O((x − lq)y− k2 2ω(Kk(lq)) + y logy)
)




















xq−1 − l)qy− k2 2ω(Kk(lq)) + y logy).
Lemma 3.1. We have
Z∗q  x2q−1y−
k
2 2ω(Kk(q)) logx + xq−1y logx.







xq−1 − l)τ(l)+ xq−1y logx.









τ (l) dt  (xq−1)2 logx,
and the lemma follows. 
Write
Zq = x2q−1y− k2 2ω(Kk(q)) logx + xq−1y logx,
then






Uq + Vq + O(Zq)
)= A+ B + O(C), (3.1)qQ qQ











Lemma 3.2. We have
C  x2y− k2 log3 x + xy log2 x.
Proof. By the definition of C, we have
C  x2y− k2 logx
∑
qQ




again, by Dirichlet’s formula for the divisor function and noting that
∑
qQ q




q−1τ(q)  log2 x, C  x2y− k2 log2 x logx + xy logx logx,
and the lemma follows. 
4. The formula for J1
In this section we will give the formula for J1.
Lemma 4.1. Suppose that f (t) and g(t) are defined by (2.8) and (2.9), respectively, that u > 0





















































































1 + ut−k(q, tk)) (uq) 1k −1,
















































































The error term is
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H(x,q)+O(x 1k ), (4.1)
and the lemma follows. 
Lemma 4.3. Suppose that k > 2 and that 2 y  x 2k . Then
B  x2y1−k log5/2 x + x3/2y1− k2 log7/2 x + x2y1/2− 3k4 log3/2 x.






































L1/2  x1/2 log3/2 xL1/2,
where





















































By (4.2) and (4.3),





































































































Again, by Dirichlet’s formula for the divisor function, we have
L1  y 12 − 3k4 + y1−k logx. (4.5)











 y1− k2 log2 x, (4.6)
and the lemma then follows from (4.4)–(4.6). 














+O(Qx 1k + x2y1−k log5/2 x + x3/2y1− k2 log7/2 x + x2y 12 − 3k4 log3/2 x
+ x2y− k2 log3 x + xy log2 x).
Proof. By (2.1)–(2.3), we have
























+ O(x2y1−k log5/2 x + x3/2y1− k2 log7/2 x
+ x2y 12 − 3k4 log3/2 x + x2y− k2 log3 x + xy log2 x),
and the lemma follows. 
5. The formulas for J2, J3 and the proof of Theorem 2
In this section we give the complete proof of Theorem 2.
For k > 2, there are not simple properties for the function M(x;q, a) as in the case k = 2
[4,16], our method is suitable for all k  2.










)+ O(x1+ 1k logx).
Proof. By (1.1)–(1.3) and (1.8),
















































































































































































































































































































































 x2 logx(x 1k )1−k,




q−1Δ212  x1+ 1k logx. (5.5)
By (5.2), we have



















as in the estimation of (5.4), we have
J22  x1+ 1k logx, (5.6)
and the lemma follows from (5.1), (5.3)–(5.6). 




















































and the lemma follows. 




H(x,q)+O(Qx 1k + x2y1−k log5/2 x + x3/2y1− k2 log7/2 x + x2y 12 − 3k4 log3/2 x)
+O(x2y− k2 log3 x + xy log2 x + x1+ 1k logx).
A good choice for y is




H(x,q)+O(x k+4k+2 (logx) 2k+6k+2 ). (5.7)
qQ
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qQ






















 q(xq−1) 1k + qxq−1(xq−1) 1−kk
 x 1k q1− 1k ,
and ∑
qQ





k  x 1k Q2− 1k ,
and the lemma follows. 
Finally, by Lemma 5.3 and (5.7), we have
S(x,Q)  x 1k Q2− 1k + x k+4k+2 (logx) 2k+6k+2 ,
and Theorem 2 follows.
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